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Introduction. Let L be an Archimedean vector lattice. The space LZ of all

normal integrals (order continuous linear functionals) on L was first studied by

H. Nakano [6], and has been the object of recent investigation [l]-[5].

The central theorem in this paper shows that if L is the cut-completion of L,

then LZ and (L)Z are isomorphic vector lattices, a known result when L = C(X),

the continuous functions on a compact Hausdorff space (cf. [3, §10]). This serves

as a convenient tool for examining the role that completeness of L plays in deter-

mining properties of LZ ■ It will be shown that a number of results previously

obtained under the assumption that L is complete can be extended to Archimedean

vector lattices.

1. The isomorphism of LZ and (L)~. We first recall some definitions and other

facts basic to our study of the cut-completion (or Dedekind completion) of a

vector lattice. We will say that a subvector lattice D of L is order dense in L (or

dense in L) if for every positive element a in L, a = inf (B) for some set B of positive

elements taken from D. L then is said to be a cut-completion of the vector lattice L

if L is a complete vector lattice which contains a dense subvector lattice isomorphic

to L ("isomorphism" always denotes vector lattice isomorphism). To simplify

notation we will consider L to be a subvector lattice of L.

The following three properties of L are well known and will be used in the paper

without proof:

(a) L is unique up to isomorphism.

(b) If B is an arbitrary subset of elements of L and the supremum of B taken in

L exists, then it is identical with the supremum of B taken in L.

(c) If â is a positive element of L, then there exist subsets B and C of L such that

â = sup (B) = inf (C).

Let L be an Archimedean vector lattice and L its cut-completion. Then,

Theorem 1.1. LZ and (L)z are isomorphic vector latticesi}).

Proof. Let/^0 be a normal integral on L and extend it to the positive cone L +

oflby

f(â) = sup {/(.\) : 0 á x g â, x e L},   âe L.
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The supremum of a set in L exists and agrees with that in L from which it follows

that/|L+ =/. Moreover,/is monotone onZ+.

(a)/(â) = mf{f(y):â^yeL}. Clearly, /(d) g inf {f(y) : â^y eL}. Suppose

there is an e>0 such that/(á) + e ̂  inf {/(v) : â^y eL}. Then,

inf{7—x : 0 ^ x = á ^ j;x,jinL} = 0 = infíj» —x : 0 ^ x = á ^ y;x,yinL}.
L L

But/would not then be order continuous, contradicting the fact that it is a normal

integral.

(b) If B<=L + ,f (inf B) = inf (f(B)). Again,/(inf B) S inf (¡(B)) is clear. Let e>0
and inf B=h0. There exists xeL, x^b0 with f(b0) + e^/(x). Then by the mono-

tonicity off there is b e B with b^x, whence /(o0) + £ä/(/5)^ inf (/(B)) f, then, is

order continuous on L.

(c) /is additive on L+. Let âx and â2 he in L.

{[0, ax] nl}u {[0, â2] nL}^ [0, âx + â2] n L.

So,

M)4-/(áa) = sup (/([O, áx] n L)) + sup (/([O, á2] n L))

= sup (/({[O, ai] ni}u {[0, â2] n L}))

^ sup (/([O, áx+ á2]nL))

= /(«i + á2)-

Let e > 0. Then, there exists be[0,âx + â2]nL with/(c7j+â2) - e úf(b). Let 0 = hx + h2.

Then, /(752) =/(b - bx) =/(inf (6-x■ : 0^xÚ k, x e E)) =f(b) -/(hx) applying the
decomposition lemma for vector lattices. So, /(âx + â2) — E-^f(b)=f(bx)+/(b2)

=/(ôx)+/(ô2). Equality then follows.

(d) Positive homogeneity is clear. Setting/(x) =/(x+)—/(x~) for arbitrary xeL,

then,/becomes a normal integral on ¿./is uniquely determined by/and it follows

rather easily that the mapping/^/is the desired isomorphism.

If LZ is separating on L, then L can be embedded in LZ ~ (LZ ~ =(LZ)Z) as a

subvector lattice. If L is complete, then under this embedding it is an ideal in LZ ~

(cf. [1, 3.8]). So, L is an ideal in (L)Z~ ■ With the above theorem, this gives us the

following :

Corollary 1.2. L can be embedded in LZ ~ as an ideal.

Moreover, it is easily seen that/, is the ideal in LZ ~ generated by L, a somewhat

surprising relation between the concepts of cut-completion and continuous linear

functional.

We will now apply the theorem to obtain a result concerning absolute weak

topologies on LZ. The absolute weak topology on LZ generated by L is the locally-

convex topology defined in LZ by the polars of the bounded sets in L. Equivalently,

if for each positive element a in L, we define a seminorm  ||    L on L~  by
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|| /1|o= | / \(d), the absolute weak topology is the topology defined by the family of

all such seminorms. We will denote this topology by \w\(Lñ,L).

Using the seminorm definition of the topology and the fact that for every positive

element â in L there is a positive element a in L such that a 2: â, and for every

positive element b in L there is a positive element 6 in L such that b ̂  6, we obtain

the following :

Corollary 1.3. The \w\(Lñ,L) and \w\(Lñ,L) topologies on Lñ are identical.

The following two results remove the hypothesis that L be a complete vector

lattice from theorems appearing in [2] and [3]; ([3, 2.8] and [2, 3.3] respectively).

Corollary 1.4. If I is a dense ideal in L, then Lñ can be embedded in In as a

dense ideal.

Proof. The cut-completion of I has a natural embedding in L as a dense ideal.

We call this ideal /. By Theorem 1.1, lñ = (l)ñ and Lñ = (L)ñ. Applying the

analogous theorem in [3] to / and L, the result follows.

A subvector lattice D of L is said to be closed in L if whenever B<^ D is a set of

positive elements such that sup (B) is in L, then sup (B) is in D.

Corollary 1.5. 7/7 is a closed ideal in Lñ, then I is w(Lñ, L) closed.

Proof. (The proof is a variation of that in [2], letting J be the null ideal of j> in

L instead of L.) Lñ =1® I' since / is closed. It suffices to show that if <f> e V and

«¿7^0, then <f> is not a w(Lñ, L) limit point of /. Now, the null ideal J of <f> in L is

closed ([2], 3.3) hence L=J@J'. So, Lñ =J1©J'1. Let us first show that J'1 is

w(Lñ,L) closed. Let {/„JcJ'1 and feLñ be such that fB -^f(w(Lñ,L)) i.e.,

fjß) ->/(a) for all aeL. But then for a e J' n L, fa(a) = 0 for all a, since fia e J'1.

So,/(a)=0 foreach aeJ' n E. Hence for âej',f(â)=0 (/being continuous and L

being order dense in L.) So, fiej'1 and hence J'1 is w(Lñ,L) closed. Now </> ej1

hence not in J'1. So, we can show that </> is not a weak limit point of I by showing

that 7<=7'x (J'1 being weakly closed). Since Lñ =JL®J'L we establish I^J'1 by

proving that I n J1={0}.

Consider any ■/> e I, </o0. We have to show i/i(a)^0 for some aeJ. Now,

i/«a|<£|=0. So, for e>0 and beL + , there is c in L such that 0^c = 6 and

\<f>\(c) + i/j(b — c)^e. It follows easily that there is a sequence cx^c2^ ■ ■ ■ =0 in £

satisfying |<j$|(en)^ l/2n and i¿(cn) = A>0 for all «. Let a = /\ncn. Then, |0|(a) = O

which implies that a e J and since </« is continuous, <p(a) > 0.

Remark. The proof of 1.5 would be trivial if the topologies w(Lñ,L) and

w(Lñ,L) were identical, as is the case with the |w|-topologies. This is not true,

however, as the following example shows: Let L=c (convergent sequences). Then

Lñ =lx andL = r. Define xh = W, x'f,...) by: x«>=0, k*n, n +1, x™= 1, xnn + »

= — 1. Then {x„} is a sequence in I1 which converges to 0 in the w(F, c) topology

but not in the wQ1, Ia) topology.
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2. The space of normal integrals. In [5], Zaanen and Luxemburg extend a

number of the results of [4] from complete to Archimedean vector lattices. New

(and often simpler) proofs of these results will be given based on Theorem 1.1 and

the elementary propositions listed below. Moreover, natural extensions to the

Archimedean case are obtained for several other theorems in [4].

We will first recall some definitions from [4] and state some elementary facts

that we need.

If (f>eLZ, then Né = {aeL: \<f>\ |a|=0} is called the null ideal of <p in L. We

denote the null ideal of ^ in L by Ñ0. The carrier of <f> in L is the complement

of N4, in L. I.e., C0 = (N0y={b e L: \a\ A \b\ =0 for all a e N0}. Q, is the carrier

of<£in L. If A^ L, the annihilator of A in L~ is the set {<j> eLZ : <f>(a) = 0 for all ae A}

and will be denoted by A#. If B<=LZ, °B={aeL: <f>(a)=0 for all <f> e B is called

the annihilator of B in L. °B denotes the annihilator of B in L.

Theorem 1.1 tells us, then, that a normal integral on L may be regarded as a

normal integral on L and vice versa. We will use this fact without mention in

proving the following propositions.

From the definition of N# and the above-mentioned fact we obtain immediately

Proposition 2.1. If j> eLZ, then N4, = Ñir\L.

Proposition 2.2. If! is an ideal in L and 1=1 r\L, then (f)p nL = Ip.

Proof. I is dense in /. Then, if a e I", \a\ A |¿»| =0 for all bel. Given bel, there

is a net {6a}<=Z such that |¿>„| f |£|. But \a\ A \ba\ =0 for all a. Hence \a\ A \b\ =0

which implies that a e (î)v n L, hence Ipc(fy n L.

Let a e (/)" n L. Then \a\ A \b\ =0 for all b e Î implies |a| A |6| =0 for all b e I

since 7 c/. So, a e I" and hence (!)" nL^I". Thus, (/)" nL = I".

Since C<p = (Ni)p by definition, the following is an immediate consequence of 2.1

and 2.2.

Corollary 2.3. If<f>eLZ,C0 = C0riL.

Proposition 2.4. If Î is an ideal in L and 1=1 r\L, then for <f> e LZ, <f>(I) = 0 if

and only if<p(í) = 0, i.e., (/>=/#.

Proof. Since 1^1, <f>(l) = 0 implies <¡>(I) = 0. Suppose <¡>(I) = 0. Then, if âeî + ,

there is a net {aa} in 7 such that aa f â. Since <f> is continuous <f>(aa) -*■ <p(a). Hence

<p(a) = 0. So, <f>(î) = 0.
By definition, °B is precisely those elements of °B which lie in L. We state more

precisely

Proposition 2.5. If B is a subset of LZ, then (°B) r\L = °B.

Proposition 2.6. IfL = î@J,I=InLandJ=J r\L, then L = {I@J}.

Proof. By [5, Theorem 29.10], L = {I® P}. Since L = Î®J, J = (f)p. Hence

J=j nL = (î)p nL = I" by Proposition 2.2. So L={I®J}.
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The following theorems are proved in [5]. Proofs will be given here based on

Theorem 1.1 and the results for Dedekind complete vector lattices in [4]. We

denote the set of normal integrals on both L and L by L~.

Theorem 2.8. IfiL is Archimedean and if<f>, T e Lñ, then the following conditions

are mutually equivalent: (a) |^|a|T|=0, (b) C^N?, (c) Cv<^Né, (d) C^±C^

(cf. [5, 31.2]).

Proof. By [4, Theorem 27.6], the following are equivalent: (a') |<¿| A |</<| =0,

(b') ^cif^ (c') Qc/v^, (d') QJ_Q. To complete the argument, it suffices to

show that (b) is equivalent to (b') and (d) is equivalent to (d'). By 2.1 and 2.3,

(b') implies (b). Assume (b) i.e., Q^AV Let ae C+. Then, there is a net {fl„}cc(

such that aa f a. But then {flJ<=AV So |i/r|(|aa|) = 0 for all a and hence |i/«|(|a|) = 0.

Thus, a e A\ hence Q<=ÄV Using the density of Q, in Q, and 2.3, the equivalence

of (d) and (d') follows easily.

Corollary 2.9 (Hahn Decomposition). Let L be Archimedean. Given <j> e Lñ,

there exist normal subspaces P and N such that P n N = {0}, P® N is (order) dense in

L, <p(u)^0 for all O^ueN and <f>(u)^0, for O^ueP. Moreover, P=Q+ and

N=Nt* (cf. [5, 31.3]).

Proof. By [4, Corollary 27.7], there exist P and Ñ such that L=P® Ñ (P and

Ñ are normal subspaces) such that <£(w) = 0 for all O^ueP and </>(«) 5 0 for all

O^ueÑ. Moreover, P = Q+ and Ñ=Ñ0+. Let P=PnL and N=ÑnL. Then,

by 2.1 and 2.3, W=AV and P=Q,+. P n Ñ={0} hence P n N={0}. Also, since

P<=P and N^Ñ, <f>(u)S0, O^ueN and </>(u)^0, O^ueP. By 2.6, {P@N}=L.

Since Pis a normal subspace of L,P=P n L isa normal subspace of Land likewise

for N. This completes the argument.

Theorem 31.5 in [5] can be generalized without using the lemma which precedes

it.

Theorem 2.10. Let L be Archimedean. If B is an ideal in Lñ, then (°B)# = {B}.

Proof. Since {B} is a normal subspace, it suffices to consider B to be a normal

subspace ofL~. Then, by [4, Theorem 27.10], (°B)# = B={B}. But(°£)# = (°7inL)#

= (bB)# by 2.5 and 2.4. Applying [4, Theorem 27.10], we have C°B)# = (°B)# = {B}.

If Bis an ideal in Lñ, then the normal subspace of 7. generated by all carriers Q,,

where <f> e B, is called the carrier of B and is denoted by CB.

Let CB denote the carrier of B in L. Then, we note that CB n L = CB. Clearly,

CB^CBr\ L since for each ^e^QcQnL. Now suppose a e CB n L is a positive

element. Then, there is a net {áa} such that for each ce, âa e C0 for some <¡>e B,

and such that âa\ a. For each a, there is a net {aaS}cL such that aa¡p\ âa. Then,

a = \Jaaifl-in-L and hence a= v aae — in-L. But aaii e Q, for some <£, given a

and (8. Hence a e CB.
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Theorem 2.11. (i) If L is Archimedean and B is an ideal in LZ, then CB = (°B)P.

Hence, L = {°B © CB}. In addition, the ideals B and Bx in LZ are disjoint if and only

if CB and CBl are disjoint.

(ii) IfL is Archimedean and B is an ideal in LZ, then CB = C{B) (cf. [5, 31.8]).

Proof. By [4, Theorem 27.12], CB = (°B)P. By the remark made above, CB = CBn L.

But then, CB = CB nL = (àB)p nL = (°B)p by 2.2 and 2.5. Using again the remark

made above, it is easily shown that CBJ_CBl if and only if CBJ_CBl. But it is proved

in [4, Theorem 27.12] that ideals B and Bx in L~ are disjoint if and only if CBl

and CB are disjoint. The last statement in (i) then follows.

Since CB = CB r\L, and from [4, Theorem 27.12], CB = CiB), (ii) is proved.

LZ is a normal subspace in L~. Then, let L0 = °(LZ) and let Lx be the carrier of

LZ in L. Then, Lx = (L0)p and L = {L0@Lx}.

Theorem 2.12. (i) If L is Archimedean and A is a normal subspace of Llt then

°(A#) = {A © L0}. (ii) IfL is Archimedean and A is a normal subspace of Ll5 then A

is the carrier of some normal subspace ofiLZ (cf. [5, Theorem 31.10]).

Proof, (i) If A is a normal subspace ofLl5 then Â={beL: \b\ ga for some aeL}

is a normal subspace of Lx. So, by [4, Theorem 27.14], 0(Â#) = Â®L0. Now

°(i#) C\L = °(A#) by 2.5 and 2.4. By 2.6, (Â ®L0)r\L={A® L0} ; hence (i) follows.

(ii) If A is a normal subspace of L1; then Â is a normal subspace of Lx. But then,

Â is by [4, Theorem 27.14], the carrier of some normal subspace È of LZ ■ So, by

2.2 and 2.5, and the fact that A = Â n L, A is the carrier of Ê in L.

It is also possible, using 1.1, to prove Archimedean analogs of other results

proved in [4] for Dedekind complete vector lattices.

Recall that a vector lattice L has the Egoroff property in case 0 ̂  unM f u,

«=1,2,... implies the existence of a sequence 0^rm| u such that for every pair

of indices (m, ri) there exists j =j(m, ri) satisfying vm^un,. The concept "super-

Dedekind complete" can be extended in a natural way to an Archimedean vector

lattice L by omitting the condition that L be Dedekind complete : An Archimedean

vector lattice is called super-Archimedean in case 0 :£ ut and uz f u0 implies the

existence of a subsequence {uxJ of ut such that uln | u0. Then [4, Theorem 27.17]

can be extended using the following lemma.

Lemma 2.13. If I<^L is an ideal and I is super-Dedekind complete and has the

Egoroff property, then 1=1 C^L is super-Archimedean and has the Egoroff property.

Proof. 7 is clearly super-Archimedean since it inherits this property from /.

Suppose 0^unk\ u for each « = 1, 2,... ; u e I, un¡k e I,n, k =1,2,.... Then, there

exists a sequence {vm} <= î such that vm t u and such that for every pair of indices m, n,

there exists j =j(m, ri) such that vmèunj. Now, there is a net {vm¡t}<^I such that

0^ vmtI f vm for each m and hence, since / is super-Dedekind complete, a sequence

{vm.k}c I such that vm¡k f vm for each «?. Extend the countable set {vm¡k, k = 1, 2,... ;

«i=l,2,...} to a countable directed set {wv} by adding all suprema of finite
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subsets of {vm¡k}. {wv} is then a sequence of elements of / such that wv f u (since

t'm.ict ¿m for each m and vm\ u). Moreover, given v, wv = vmiM V • • • V vmp¡kp and

"mj.fci =^ml5 • • ■> i'mp.fcp = imp- But then, since{t5m} is directed there is an m' such that

vmi v • • ■ v¿3m¡,¿t3m. so, wvíí<v. Then, if v and « are given, there is j, namely

j=j(m', n) such that vm.¿un<j and hence wv^un¡j. So, 7 has the Egoroff property.

We recall from [4] the definition of Riesz direct sum. A<^L will be called the

Riesz direct sum of the collection of normal subspaces {Az} if all Az are mutually

disjoint and if A is the smallest normal subspace containing all Az. We use the

notation A = \J ® Az.

Lemma 2.14. If Â<=L and Â=[J ® Âz, then A = (J ® Az where A = ÂC\L and

Az = Âz n L.

Proof. Let 2?=(J © Az. Then B is a normal subspace of L and B^A. Suppose

Bj^A. Then, since B and A are both normal subspaces of L, B is not dense in A.

Let BPA=BP n A. Then by [5, Theorem 29.10] B»¿{0}. Let Ê"={b eL: \b\^c for

some c e B"}. Then, {ÊVA} is a normal subspace int, and {Eft ^{0}. Moreover, AZ\_BVA

for each t and have ÂZ_\_ÉVA for each t. But then since /4, is a normal subspace of

L, ÂZ_L{ÊPA} for each t. So, since {ÊPA}^{0}, we have that Â n {2?3}p is a normal

subspace of L which contains Âx for each t and yet, /4 contains it properly. This

contradicts the hypothesis.

Theorem 2.15. Let L be Archimedean. The carrier Lx of Lñ is the Riesz direct

sum of normal subspaces Az such that Az is super-Archimedean and has the Egoroff

property, and in addition, each Az possesses a strictly positive normal integral.

Proof. By [4, Theorem 27.17], LX = [J ® Âz where Âz is a normal subspace of L

for each t. Then LX=LX r*\L = {J ® Az where AZ = ÂZ ni by 2.14. But Az is a

normal subspace of L and possesses the required properties by 2.13.

The corollary to Theorem 27.17 in [4], can be generalized independently of the

theorem.

Theorem 2.16. 7/ Lñ has a finite or countable order basis, then the carrier Lx of

Lñ is super-Archimedean.

Proof. By Corollary 27.18 in [4], Lx is super-Dedekind complete and hence by

5.1, Lj is super-Archimedean, noting that LX=LX ni.

Corollary 27.19 in [4] generalizes quite easily to Archimedean vector lattices,

using 1.1:

Theorem 2.17. (i) Lñ is the Riesz direct sum of normal subspaces Bz such that

each Bz is super-Dedekind complete and has the Egoroff property.

(ii) If the carrier Lx of Lñ has a finite or countable order basis, then Lñ is super-

Dedekind complete.

Proof, (i) is an immediate consequence of 1.1. If Lx has a countable order basis
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then Lx has a countable order basis since Lx is order-dense in Lx. (ii) then follows

from 1.1 and [4, Corollary 27.19].

Added in proof. In a subsequent paper, the authors of [4] give a proof of Theorem

1.1. They apply it to different problems.
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